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Abstract. This paper builds on work from [16], where the authors 
described Whittaker modules for the Virasoro algebra. Using the frame- 
work outlined in [3], the current paper investigates a category of Virasoro- 
algebra modules that includes Whittaker modules. Results in this paper 
include a classification of the simple modules in the category and a de- 
scription of certain induced modules that are a natural generalization of 
simple Whittaker modules. 



1. Introduction 

Whittaker modules were first defined for s[2(C) by Arnal and Pinzcon [1]. 
Motivated by the Whittaker equations in number theory, Kostant [10] later 
defined Whittaker modules for all finite-dimensional complex semisimple Lie 
algebras q. Among other results on Whittaker modules, Kostant classified 
the Whittaker modules of g, demonstrating a strong connection with the 
center of U (g). 

Kostant's definition of Whittaker modules is closely tied to the triangular 
decomposition of a finite-dimensional complex semisimple Lie algebra: q = 
n~ © © n"*" ; each Whittaker module depends upon a fixed nonsingular Lie 
algebra homomorphism -0 : n"*" — t- C. Results for complex semisimple Lie 
algebras have been extended to other algebras with similar structures. These 
include quantum groups, by Sevoystanov [18] for f7/j(g) and by Ondrus [15] 
for Uq{5l2)- Whittaker modules have also been studied for generalized Weyl 
algebras by Benkart and Ondrus [5] and in connection to non-twisted affine 
Lie algebras by Christodoupoulou [7]. In [16], the present authors studied 
Whittaker modules for the Virasoro algebra; analogous results in similar 
settings have been worked out in [19] and jllj . 

Kostant's definition of Whittaker modules leads to a category that is not 
abelian, among other categorical limitations. However, Whittaker modules 
do exist naturally inside of larger, better-behaved categories; we refer to 
these categories as Whittaker categories. Work toward understanding these 
larger categories in the setting of complex semisimple Lie algebras was begun 
by McDowell [12], Milicic and Soergel [13], and Backelin [2]. Batra and 
Mazorchuk [3] later generalized the ideas of both Whittaker modules and 
the underlying categories to a broad class of Lie algebras. Their framework 
allows for a unified explanation of important results but is also limited by 
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its generality. In particular, a lack of specific knowledge about the center of 
U (g) appears to contribute to the difficulty in understanding some aspects 
of Whittaker categories in general. 

In this paper, we make use of the framework created by Batra and Ma- 
zorchuk to further explore Whittaker categories in the setting of the Vira- 
soro algebra. The Virasoro algebra has been widely studied due in part to 
its interesting representation theory and its role in mathematical physics. 
Knowledge of the center of the universal enveloping algebra of the Virasoro 
algebra also allows for a more detailed study of Whittaker categories in this 
setting. 

Using the triangular decomposition 3 = n~ © f) © n"*" of the Virasoro 
algebra, we investigate the category W of all g-modules on which n"*" acts 
locally finitely. Section [2] contains a review of relevant definitions and results 
from [16] regarding Whittaker modules for the Virasoro algebra. In Section 
[3l we prove several general results about the category W. Theorem 13. 1 1 shows 
that the category W is a Serre subcategory of g-Mod, and Proposition 13.41 
and Theorem 13.111 demonstrate that the simple modules in W are exactly 
the simple lowest weight modules described in |14j and the simple Whittaker 
modules of [16]. 

In Section [H we study the subcategory W/ of W containing modules 
with finite composition length. We give a decomposition of W/ according 
to the action of the center Z of U (g) (Proposition 14. ip as well as a partial 
description of homomorphisms between modules in Wj. In light of the 
decomposition given by the Z-action, it is natural to study modules in W/ 
on which Z acts by scalars. We prove several general facts related to the 
Whittaker vectors of these modules and also give a construction that appears 
to yield a significant subset of these modules. In Theorem l4.23l we show that 
under certain conditions this construction produces modules of arbitrary 
composition length with a 1-dimensional space of Whittaker vectors. This 
cannot happen in the setting of complex semisimple finite-dimensional Lie 
algebras (see Theorem 4.3 of |10j). 

2. Whittaker modules for the Virasoro algebra 

Let g denote the Virasoro Lie algebra. Then q has a C-basis {z, dk \ k & 
with Lie bracket 



Let U = U{q) denote the universal enveloping algebra of g and Z = Z{q) 
the center of U{q). Note that Z{q) = C[z]. (This follows, for example, from 
[m Corollary 5.2]). 

The Virasoro algebra has a triangular decomposition (in the sense of |14j ) : 



[dk,dj] = {k- j)dk+j + 5j _fc 
[2,4] = 0. 



-k 
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where n = span:^{d±k \ k G Z>o} and f) = span£{dQ, z}. For a given 
ip G (n''"/[n^, n"^])*, define the 1-dimensional n"'"-module by x.c = ip{x)c 
for X G n"*" and c G C. As Lemma [2.11 shows, every finite-dimensional simple 
n"'"-module has this form; the result is a consequence of Lie's Theorem and 
is proven for all quasi- nilpotent Lie algebras in [3]. 

Lemma 2.1 ([3j). Let L be a simple, finite- dimensional -module. Then 
L ^ C0 some G (n+/[n+,n+])*. 

A vector it; G y is a Whittaker vector if there exists ■0 £ (^^'''/[•^''') "*"])* 
such that xw = il:{x)w for all x G n"^. A g-module ^ is a Whittaker module 
if there is a Whittaker vector w & V that generates V . In [16], the authors 
give a characterization of Whittaker modules where ■0 7^ 0. (We address 
related results for ^0 = in this paper.) We repeat two results from [16] 
that will be central to the ideas described here. 

For G (n"'"/[n+, n"*"])* and ^ G C, define C^^g to be the one-dimensional 
n"'' ® C^-module on which n"^ acts by ^ and z acts by ^. Then define the 
g-module 

Proposition 2.2 {^). For any ^ ip e (n+/[n+, n+])* and ^ G C, the 
module L{ip, ^) is simple. Moreover, any Whittaker module where z acts by 
a scalar is isomorphic to some L(ip,£^), and L(0,^) = L{ip' ,^') if and only 

For a g-module V , we let liV) denote the composition length (possibly 
oo) of V. 

Proposition 2.3 ([E]). Let Q ^ ip e (n+/[n+, n+])*, and let V be a 
Whittaker module of type tp with cyclic Whittaker vector w. Suppose that 
Ann^(ii;) ^ 0. Let p(z) be the unique monic generator of the ideal Ann z{w) 
in Z, and write p{z) = Y[i=ii^ ~ d^)"'' foi" distinct ^i, . . . , ^fc G C. Then V 
decomposes into a direct sum of Whittaker modules 

V = etiVi 

where i{Vi) = ai and the composition factors of Vi are all isomorphic to 

3. The category W 

Batra and Mazorchuk [3] have generalized the idea of Whittaker modules 
to a larger category. Adopting their definition, we define the Whittaker 
Category W to be the full subcategory of g-Mod containing g-modules on 
which the action of n"*" is locally finite. 

Observe that W is an abelian category. Here we also show that this 
category is closed under taking extensions; thus it forms a Serre subcategory 
of 0-Mod. Theorem 13.11 is similar to [Sj Proposition 1]. However, the proof 
in [3] relies on the assumption that n"*" is finite-dimensional and thus U{xx^) 
is left Noetherian. 
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Theorem 3.1. Suppose that O^X^Y^Z^Oisan exact sequence 
with X,Y,Z e Ob(0-Mod). IfX,Z£ Oh{W), then Y G Ob(>V). 

We note that the proof of this result can be applied to any situation where 
UixV^) is finitely generated. 

Proof. To prove the claim, we show that U{xi^)yQ is finite-dimensional for 
any yo G Y. 

Let — -.Y^Y/X denote the natural homomorphism. Since Y/X = Z 
Ob(>V), we know that U {n~^)yo is a finite-dimensional subspace of Y/X. Let 
yi, . . . ,y„ G y so that U{n+)y^ = spanc{yr, • • • 

Since yo £ U (n+)yo = spandyi, . . . , y^}, there exist ci, . . . , G C such 
that 

l<fc<n. 

and thus 

l<k<n 

for some xq G X. Similarly, since C/(n^)yo is n'^-invariant, for every i > 
and j G {1, . . . , n}, we have 

diyj= Cij^kUk 

l<k<n 

for some Cij^k £ C; consequently there is some Xij G X such that 

diVj = Xij + ^ ^ Ci j^kVk- 
l<k<n 

Let 

(3.2) iV = C/(n+)xo+ X] f^li^^Ki' 

i=l,2 
l<i<'^ 

and define M = Cyi H h Cy„ + A^. Since X G Ob(W), each U{n+)xij 

is finite-dimensional and {7(n''')a;o is finite-dimensional, and so is finite- 
dimensional. Therefore M is a finite-dimensional vector space containing 
yo = xo + J2i<k<nCkyk- 

It now suflttces to check that C/(n+)ilf Q M. If n G iV C M and n+ G 
[/(n"*"), then u~^n N Q M. To prove that W^yj G M whenever G 
?7(n"'") and j G {1, . . . ,n}, it is enough to show that diyj G M whenever 
j G {1, . . . ,n} and i > 0. It is obvious that diyj GMifi = lori = 2 since 
the sum in (j3.2p is taken over z = l,2. Ifi>2, then the result follows from 
the fact that U{n~^) is generated over C by di and ^2- ^ 

As shown in Lemma 12.11 the simple n''~-modules are indexed by the set 
(n"'"/[n"'", n"'"])*. Batra and Mazorchuk [3] showed that, for a large class 
of Lie algebras, W decomposes into subcategories W{'ijj), labeled hy ^p G 
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(n^/[n^, n^])*. This decomposition provides a framework for the remainder 
of this paper, and so we present it here. 

Theorem 3.3 ([3]). Let V eW. Then, 

(i) forip G (n+/[n+,n+])*, the set 

= {-y G y I (x - ip{x))^v = /or X e n+ and k » 0} 
is a Q-submodule of V ; 

(ii) V = e^y/'; 

(iii) ifil^^v, then Homg{V'f', V) = 0; 

(iv) every xi^ -suhmodule ofV"^ contains a nonzero tp-Whittaker vector. 

Proof. In [3], Batra and Mazorchuk define the sub modules in the decompo- 
sition using a more general construction. However, for the Virasoro algebra 
the result simplifies to the present statement. This simplification follows 
from Lemma 12.11 and the fact that the equivalence relation of (3l p. 7] is 
trivial for quasi-nilpotent algebras. Statement (iv) follows from Lemma l2. II 
and Proposition 5 of [3]. 

□ 

In light of this decomposition, we define W{ip), G (n"^/[n"'", n"*"])*, as 
the subcategory of W consisting of all objects V G Ob(W) so that V = V^. 

3.1. Simple Objects in W. Theorem 13. 3f ii) implies that to determine the 
simple modules in W, it is enough to determine the simple objects in W{ip) 
for each ip € (n''~/[n''", n"*"])*. We show that the simple objects in W are 
either Whittaker modules (for ^ 7^ 0) or lowest weight modules (for ^ = 0). 
We first consider the case ip ^ 0. 

Proposition 3.4. Let ^ tp £ (n"''/[n+, n+])*, and suppose V € W(^) be 
a simple object. Then V = L{ip,^) for some ^ € C. 

Proof. From Theorem I3.3r iv). there is an ^-eigenvector w ^V. Since V is 
simple, we must have that V is in fact a Whittaker module. Therefore, the 
result follows from [16]. □ 

The case -(/; = is handled in Proposition 13.111 We begin by presenting 
the construction of several relevant modules. An element a G f)* can be 
identified with a pair (^, /i) € C x C, where a(do) = h and a{z) = ^. Then 
the Verma module of lowest weight a = (^, h) is given by 

M(0,e,/i) = C/(g)0t/(„en+)C(5,,,) 

where f) acts on the one-dimensional \] © n^-module /j) by (^, h) and n"*" 
acts by 0. Then M(0, ^, h) has a unique simple quotient L(0, ^, h). Moreover, 
all simple lowest weight modules are isomorphic to some L(0, ^, h) (cf. |14j). 
We also define a "universal" module 

M(0,e) = C/(g)®C/(C.®n+)C5 
where z acts on by ^ and n"*" acts by 0. 
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By Theorem 13. 3( iv). a simple module V S VV(0) is necessarily generated 
by a vector w £ V such that n"*" acts by (that is, a Whittaker vector for 
ip = 0). However, we must also show that w can be taken to be a weight 
vector. 

In order to write the following results more concisely, we adopt some 
notation. Define a partition ^ to be a non-decreasing sequence of positive 
integers fi = {0 < jJ-i < IJ-2 < ■ ■ ■ 1^ fJ-r) ■ Let V represent the set of partitions. 
Also define 

= /ii + /U2 + • • • + /ir (the size of /x) 
^fi = r (the # of parts of fj,) 
J _ J J ...J _jMo),Mi)... 

d - d ■■■d d -...jM1)jM0) 

d-fj, = = 1 for /i = 0. 

The first lemma is evident by the construction of Af (0, ^) along with the 
PBW Theorem. 

Lemma 3.5. The module M(0, ^) has a basis 

{d.xwi \X£V,i>0}, 

where tx;^ = (8> 1 . Moreover, 

doWi = Wi+i, zwi = iwi, dnWi = (n > 0) 

for i >0 and Af(0,^) is generated by wq as a U{Q)-module. 

Lemma 3.6. Let X (z V and j,n G Z>o. Then dnd^xWj is a linear combi- 
nation of vectors in the following set: 

{d-^Wj I #7 < #X}U{d^.yWj+i I #7 < #X-l}U{d_'^Wj+i I A = (Ai, . . . , Aj, . 
Moreover, the coefficient of d_^Wj-^-i is nonzero if and only if n = Aj. 

Proof. We use induction on ^^A, with the case #A = 1 being obvious. 
Now suppose #A > 1. We have 

dnd-XWj = d-xdnWj + ^ d_Ai • • • [dn, d-x,] ■ ■ ■ d-X,Wj. 

i 

Note that d^xdnWj = 0. For the second term, we consider three cases. 

(i) If n > Aj, [dn,d-Xi] = dn-x, with n — X-i > 0. By the inductive 
hypothesis, (i_Aj • • • d-Xs'^j is contained in the span of 

{d-^Wj I #7 < s-i}U{d^Wj+i I #7 < s-i-l}U{d_'^Wj+i \ X = (Aj+i . . . , Afc, 

which implies that d-Xi ■ ■ ■ [dn,d-Xi] ■ ■ ■ d-x^Wj is contained in the 
span of 

{d-^wj I #7 < #A} U I #7 < #A - 1}. 
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(ii) If n < Xi, then [dn, d-\.] = dn^\. with n — \i < 0. This imphes that 
(i_Ai ■ ■ - [dn, d-\i\ ■ ■ ■ d-XsWj is contained in the span of 

{d.^wj I #7 < #A}. 

(iii) If n = Aj, then d^\^] = 2ndo + cz for some c E C. Then, 

c^-Ai • • • K,d-Aj • • • d-Xs'Wj = 2nd_^Wj+i + {2n{Xi+i-\ ^ Xs) + cC)d_^Wj. 

Note that if Aj appears with multipHcity k, then the coefficient of 
d_^Wj+i is 2kn > 0. 

Combining these cases proves the result. □ 

Let X, fi £ V, and write A = (Ai, . . . , A^) and n = {fii, . . . , /ifc). If fij = Xi- 
for some sequence ii, . . . ,ik of distinct integers, then define 

X — fi = ( Ai , . . . , Xi^ , ■ ■ ■ , Ajj, , . . . , A„) . 

If it is not the case that = Xi- for some sequence ii, . . . ,ik of distinct 
integers, then we regard A — /x as undefined. 

Lemma 3.7. Let j £ Z>o, /i, A G 'P. Then d^d-xwj is a linear combination 
of vectors in the following set 

{d-^Wj I #7 < #X}U{d^jWj+k I < < #^,#7 < #A-fc}U{d„(A_^)Wj+#^}, 

where the coefficient of (i„(;^_^)'u;j+^^ is nonzero if and only if X — /j, is 
defined. 

Proof. We induct on ^fi. The previous lemma proves the case ^/.t = 1. 
For the inductive step, write /i = {^i, . . . , Hr), and let fi' = (/ii, . . . , /ir-i)- 
Using the previous lemma, we have 

di,d_x = {d^^d^xWj) 

= d^i a^d-jWj 

7l#7<#A 

+dfj_i b^d-^Wj+i 

7l#7<#A-l 

+cd^>d_'^Wj+i, 

where c 7^ if and only if = Aj. Since = T^/i — 1, we can now apply 
the inductive argument to get the result. □ 

Continue to use the notation wq, wi, . . . £ Af (0, ^) from above, and define 
the following subspace of M(0,^): 

(3.8) = span^lwi \ i £ Z>o}. 

Lemma 3.9. Let V C M(0,0 be a submodule. Then y n / 0. 
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Proof. If V gV, then 

i>0 

for some OA,j € C. Let be maximal such that aA,i 7^ for some i > 
and |A| = N. Now choose 7,j such that o^j 7^ 0, I7I = N, and #7 + j is 
maximal. (Note that there may not be a unique choice of 7 and j.) 
Now, 

+ ^ ax,id^d_xwi + ^ ax,idyd^xwi. 
|A|=Af,A^7 |A|<Ar 

The last sum is zero since d-yd-xWi = whenever I7I > |A|. For the other 
terms, note that if I7I = |A|, then djd^x G U{q)o. (Here, U{q)o represents 
the 0- weight space of U (g) under the adjoint action of f).) Since dnWj = for 
n > 0, the PBW Theorem implies that d.yd-xWj = xwj for some x € C/(f)). 
In this case, d^d^xWj S W^. Combining this with Lemma l3.7| we have 

(3.10) 

a^^id^d-^Wi + ^ ax,id^d-xWi G SY)an^{wk \ k < j + #7}. 
i<j \x\=N,\^^ 

Similarly, Lemma 13.71 implies that the coefficient of wj+^f^-y in d^d--yWj is 
nonzero, and this term is not cancelled by any of the terms in (I3.10p . □ 

Proposition 3.11. If V e Ob(yV(0)) is simple, then V = L(0,C,/i) for 
some ^, /i S C. 

Proof. It is enough to find a lowest weight vector: ^ Vq £ V so that n"'" 
annihilates Vq and dQ, z act on Vq by scalars. By Theorem l3.3( iv). V is gen- 
erated by a vector vq that is annihilated by n^. Moreover, since V is simple, 
z acts on y by a scalar. (Cf. \n\ Ex. 2.12.28] for an appropriate generaliza- 
tion of Schur's Lemma.) If some polynomial {do — ai){do — 02) • • • {do — Ofc) 
in do (for ai,...,ak € C) of minimal degree anihilates vq, then clearly 
Vq = {do — 02) • • • {do — ak)vo is a nonzero lowest weight vector. There- 
fore it is sufficient to show that there is some nonzero polynomial in do that 
annihilates vo. 

Define wo = I ® I £ M(0,C), and z;+ = 1 (g) 1 e M(0,^,0) (a lowest 
weight vector). It is straightforward to verify that d-iv~^ is also a lowest 
weight vector and thus M(0, ^, 0) is not simple. Since there is a surjective 
module homomorphism £0 ■ M(0,^) M(0,^,0) determined by wo 1— > v^, 
it must be that M(0, is not simple. Similarly, there is a surjective module 
homomorphism £ : M(0,^) — >■ V defined by wo vo- The kernel of this 
map is necessarily nonzero since V is (by assumption) simple and M(0, 
is not. Let S" = kere / so that V ^ M{0,S,)/S. 
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Let be as in (I3.8p . and observe that S n 7^ by Lemma \3M This 
means that there exists a nonzero vector in S of the form gr(do)w^o for some 
polynomial q. But then we see that 

= e{q{do)wo) = q{do)e{wo) = q{do)vo, 

as desired. □ 

4. The category W/ 

Let W/ be the full subcategory of W containing g-modules with finite 
composition length, and define Wf{ip) = Wf H yV{ip). Restricting to the 
subcategory Wf in this section allows us to use the center Z{q) to better 
describe modules in the category. In some cases we further restrict to Wf{^p) 
where ip ^ 0. However, it follows from Proposition 13.11] that yV/(0) is a 
subcategory of the category O, about which much is already known for the 
Virasoro algebra. 

Note that any module in Wf is finitely generated and has a locally finite 
action of Z{q). (A generalization of Schur's Lemma (see [17^ Ex. 2.12.28]) 
implies that Z{q) acts by a scalar on any simple subquotient of y € W/). 
Therefore, the following proposition shows that W/ decomposes by central 
characters. This decomposition is the basis for much of the work in this 
section. 

Proposition 4.1. Let V € Ob(W), and assume that the action of Z{q) = 
C[z] is locally finite. Then, for ^ £ C = IIomaig(^(0), C), 

V^ = {veV\{z- O'^v = fork » 0} 
is a Q-module; and 

y = ®n- 

Moreover, if V is finitely generated, then is finitely generated and has a 
finite filtration = V^^^ C V^ i C 2 ^ • • • C V^^k = V such that z acts by 
on V^^i_|_i/V^^j for each < i < k, where 

F^,, = {vGV^\iz- O'v = 0}. 

Proof. It is clear that is a submodule of V and that the sum X^^gc ^ 
direct. It remains to show that every element v (z V can be written as a 
sum V = with £ V^. This is a standard argument that follows from 

the fact that C[z]v is finite-dimensional, and thus Annc[2]('u) 7^ 0. 

Now suppose that V is finitely generated. Since the submodule is a 
direct summand of V and thus a homomorphic image oi V, it follows that 

is also finitely generated. For i € Z>o, let 

= {v€V^\{z- O'v = 0}. 

Then the chain C V^^^ C 2 ^ ■ ■ ■ is a filtration of V^. Because V 
is finitely generated, there is some k such that V^^^ = V^, and thus the 
filtration is finite. □ 
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Note that even if F € Ob(W(^)) for some 7^ ?/;(n+/[n+, n+])*, the 
quotients V^^i+i/V^^i in Proposition 14.11 may not be simple. 

In hght of Proposition 14.11 we define >V/(V',0) & C, as the full subcat- 
egory of VV/(V') consisting of all objects V € Ob(>V/(V')) so that V = V^c. 
We further study the structure of objects in W/(V',0 ™ Section [42l 

4.1. Module homomorphisms in Whittaker Categories. We wish to 
study }iomg(y,W), where V,W & Ob(yV/). Using Theorem 13. 3^ we have 
that 

Romg{V,W) = Hom(0y'^,0Ty'') 

Therefore, it is enough to fix S (ti^/Ii^"*") ti^])* and consider Homg(l/, VF) 
for V,W € Ob(VV/ ('(/'))■ Proposition 14.31 characterizes the g-module homo- 
morphisms between Whittaker modules in W/(V')- 

Lemma 4.2. Lei / V € (n+/[n+, n+])*. Suppose V,W e Ob(VF/(^)) 
are Whittaker modules with cyclic Whittaker vectors v £ V , w G W . If 
if : V ^ W is a nonzero Q-module homomorphism, then there exists r{z) G 
Z{q) such that (p{v) = r{z)w and r{z)Anni/{v) C Anni/{w). Furthermore, 
for any r(z) G Z{q) with r{z)Aiinu{v) C Anntj^w), there is a unique map 
V ^ W with V I—)- r{z)w. 

Although they are not in the category Wj, this lemma holds for the 
universal Whittaker modules defined in |16^ Sec. 2]. 

Proof. jl6l Corollary 5.2] states that the set of Whittaker vectors in W is 
given by Wh^(14/^) = S{z)w. The lemma follows from this and the fact 
that the homomorphic image of a Whittaker vector must be a Whittaker 
(possibly equal to 0). □ 

Proposition 4.3. Let V,W £ Oh{Wf{ip)) be Whittaker modules with cyclic 
Whittaker vectors V £V,w£ W . Let Aim. z(q){v) = {p{z)) and An.nzi^Q){w) = 
{q{z)) . Then 

Hom^iV, W) ^ C[z]/ {gcd{p{z),q{z))) 

where s{z) G C[z]/ {gcd{p{z),q{z))) defines a homomorphism (pg : V ^ W 
given by 
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Proof. Using the notation of Lemma 14.21 we first show that r{z)Annij{v) C 
Annu{w) if and only if r{z)p{z) G {q{z))- Since Aii\iu{v) = Up{z) + I 
and Ann;7(^y) = Uq{z) + / for some left ideal / (see [Ml Corollary 5.1]), 
it follows that {r{z)p{z)) C {q{z)) implies r{z)Anni/{v) C Annif{w). Con- 
versely, if r{z)Annu{v) C Annu{w), then clearly r{z)p{z) G Ann[/(w). Since 
r{z)p{z) G Z{g), we see that r{z)p{z) G Anni/{w) PI Z{q) = Annz(^g){w) = 
(Qiz)). 

Combining this with Lemma [4. 2 1 we have that all module homomorphisms 

V ^ W have the form where (j)s{v) = s{z) ■ gcd{p{z) q{z)) ^ ^^'^ some 
s{z) G C[z\. Since q{z) is the unique monic polynomial of minimal degree 
in C[z] n Aniiu{w), it is clear that s{z) induces the map if and only if 
gcd{p{z),q{z)) divides s{z). This implies that the surjective map C[z] — > 
Homg(y, Vl^) given by s{z) i-> cpg has kernel {gcd{p{z),q{z))) . □ 

Corollary 4.4. Let V, G Ob{Wf{Tp)) be Whittaker modules with cyclic 
Whittaker vectors v & V , w & W. Write Ann^(g)(ii;) = {q{z)), and suppose 
ip : V W is a Q-module homomorphism with ip{v) = r{z)w. Then (p is 
surjective if and only if gcd{r(z),q(z)) = 1. 

Proof. Note that imc^ is the submodule generated by r(z)w, and recall that 
Z{q) = C[z]. If gcd{r{z),q{z)) = 1, then there exist a{z),b{z) G Z{q) such 
that a{z)r{z) + b{z)q{z) = 1. Since q{z)w = 0, it follows that 

w = {a[z)r[z) + b{z)q{z))w = a{z)r{z)w, 

and therefore w G Z{Q)r{z)w C C/(g)r(z)w. 

Conversely, if ip is surjective, then w ^'mnp. But this means that w is 
a Whittaker vector in the Whittaker module generated by the Whittaker 
vector r{z)w. By Corollary 5.2 of [E], we may write w = a(z)r(z)w for 
some a{z) G Z{q). This implies that a{z)r(z) — 1 G {q{z)), and therefore 
gcd{r{z),q{z)) = 1. □ 

Corollary 4.5. Let ^ G (n+/[n+, n+])*), C,?' € C, ^ G W/CV',?)- ^ G 
>V/(V',C')- r^en Homg(y,Ty) = unless ^ = i' . 

Proof. This follows from Proposition 14.31 and the fact that every module in 
W contains a submodule that is a Whittaker module. □ 

4.2. Z-semisimple Modules in Wf{'4),^). By Proposition 14.11 the study 
of W('0) reduces to the study of W(V', long as the action of Z on a 
given module is locally finite. In Corollary 14.71 we show that the condition 
that Z acts locally finitely on V is nearly equivalent to the condition that 

V has finite composition length, and thus for the remainder of the paper we 
investigate W/('i/',0 for "0/0. 

By assumption, any V G Ob(>V/('0,O) ^ finite composition series, 
and we have seen that the corresponding simple quotients must be Whittaker 
modules. Thus, the description of Whittaker modules in [16] provides some 
understanding of 'Wf{4'iO- Alternatively, we have that z — acts locally 
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nilpotently on V, so V also has a finite filtration by modules in W/(V',0 
where z acts by In this section we study such modules. 

For the following lemma, note that since V £ Ob(W/(V',0) is finitely 
generated and acts locally finitely, V is necessarily generated by a finite- 
dimensional n^-module. 

Lemma 4.6. Fix ^ tp £ (n+/[n+, n^"])*, ^ G C, and suppose V G 
Ob(W(?/',C)) that z acts by ^. Let N V be a finite- dimensional n"*"- 
submodule such that V = U{g)N. If n = dime N , then there exist vectors 
vi, . . . ,Vn € N with the following properties: 

(1) VI G wh^(y) 

(2) For 1 < k < n, the space spanj-{ui, . . . ,Vk} is an -submodule of 
N. 

(3) For I < k < n, {di - ipi)vk G spanc{fi, . . ■ ,Vk-i} (i = 1,2). 

(4) For 1 < k < n, the space Vk := Yl\=i U{g)vi is a Q-submodule ofV, 
and the quotient Vk/Vk-i is either trivial or is a simple Whittaker 
module with cyclic Whittaker vector v^ + Vk-i- 

In particular, the composition length ofV is at most dime A^. 

Proof. We first define the vectors vi, . . . ,Vn- By Theorem 13.31 there exists 
a nonzero V'-eigenvector vi G N, and thus U{n'^)vi = Cvi. In general, 
if vi, . . . ,Vk-i are defined, then we may regard span^lfi, . . . ,Vk-i} ^ N 
as n^-submodules of V. The n^-module N/s];)anQ{vi, . . . ,Vk-i} is finite- 
dimensional, and contains a simple submodule. By Lemma l2.ll the simple 
submodule is 1-dimensional with n"*" action given by ip. In other words, there 
exists some -y^ G iV\span£{tii, . . . , vi^_i} such that -|-span£{i;i, . . . , v^-i} 
is a nonzero '(/'-eigenvector in N/spanQ{vi, . . . , v^-i}. Thus vi, . . . ,Vn exist 
by induction. With vi,...,Vn now defined, the remaining assertions are 
straightforward to verify. □ 

Corollary 4.7. Lei / V € (n+/[n+, n+])* and let V G Ob(W(^)). Then 
V G Ob(W/('0)) if and only ifV is finitely generated and Z{q) acts locally 
finitely on V . 

Proof. If y G W/, then V is finitely generated and Z{q) acts locally finitely. 
Therefore suppose V is finitely generated and Z{q) acts locally finitely. By 
Proposition 14.11 V = ©^gc^' ^^^^ *° ^-ssume that ^ = for 

some ^ G C. But Proposition 14.11 also implies that V has a finite filtration 
= Vb C • • • C Vfc = y where z acts by a scalar on V^+i/V^. Using Lemma 
this filtration can be refined to a (still finite) filtration by Whittaker 
modules with z acting by a scalar. It follows from |16l Proposition 4.8] 
that the factors in this refined filtration are simple, and thus V has a finite 
composition series. □ 

We observe that \i tp = Q, not all finitely generated modules on which 
Z{q) acts locally finitely have finite composition length. In particular, there 
are Verma modules which do not have finite composition length. (Cf. [8].) 
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The next results use to describe the structure of V. 

Proposition 4.8. Let V E Ob(>V/(V',0) so that z acts by i ^^). Let 
N Q V be a finite- dimensional -submodule such that U{q)N = V . Sup- 
pose N = Ni®- ■ - (BNk so that Ni is an -submodule and Wh^^, {U{Q)Ni) C 
Ni for all i. Then V = 0^^^ U{Q)Ni. 

Proof. The sum Yl\=i U{Q)Ni is a f7(g)-submodule that contains A^, so it is 
clear that Yl\=i ^ (fl)-^* — ^ ■ remains to show that the sum U{Q)Ni 
is direct. Suppose that 



with Vi € U{Q)Ni for all i and Vi ^ for some i. It is no loss to suppose 
that vi / 0. By Theorem 13.31 there exists some ui G U{n^) such that uivi 
is a nonzero ^-eigenvector. On the other hand, ni^i G U{q)Ni, and by 
assumption, we have Wh^([/(g)iVi) C A^^. 
If we multiply (j4.9|) by ui , we obtain 



where / ni G iVi nWh.^{V) and G U{Q)Ni for i = 2,...,n. Now 
V2 = v'^ = ■ ■ ■ = v'j^ = 0, then we have the contradiction that ni = 0. 
So suppose, without loss of generality, that V2 7^ 0. Then by a similar 
argument (to above), there exists U2 G U(n~^) such that 7^ n2 := ^21^2 £ 
Wh^,([/(0)A^2) Q N2. Note that because ni G Wh^,(F) and U2 G C/(n+), it 
follows that U2ni = cini for some ci G C. Multiply (|4.1U|) by U2 to obtain 

cini + 77-2 + H h = 0, 

where G U{Q)Ni for i = 3, . . . , n. If we apply this argument repeatedly, 
we are eventually able to write as a sum of vectors in the various Ni, where 
at least one component is nonzero. This contradicts the fact that the sum 
N = ^ Ni is direct. Thus our assumption that one or more of the Vi in 
(j4.9p is nonzero must be wrong, so that the sum U{Q)Ni is direct. □ 

Corollary 4.11. Let V G Ob(W/(V')) (i^ / 0), and suppose that z acts 
by a scalar. If V is generated by linearly independent Whittaker vectors 
wi,...,Wk, then V = ®^i=iU{Q)wi. 

Proof. Note that the space N = Cwi + • • • + Cwk is an n"^-submodule of V 
that decomposes into n"'"-submodules as = A^i© - • -QN^, where A'j = Ctfj. 
Furthermore, since z acts by a scalar, U{Q)wi C y is a simple Whittaker 
module, and thus Wh^(C/ {Q)wi) = Cwi. The result then follows from Propo- 
sition IMI □ 

In the following corollary, let i{V) denote the composition length of V. 



Corollary 4.12. Let V G Ob(yV/(V')) (ip / 0), and assume z £ q acts by a 
scalar. Then dimWh^(y) < i{V). 



(4.9) 



f 1 H -\-Vn = 



(4.10) 



ni + + 4 + •••+< = 0, 
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Proof. Let {wi, . . . ,Wk} be a linearly independent subset of Wh^{V), and 
let W denote the C/(0)-submodule Yli=i^iQ)''^i °f ^- Corollary 14. 11^ 
we know that W = ^'^^^ U{Q)wi. Since each summand U{Q)wi is simple, 
£{W) = k. As C F is a submodule, we know i{W) < i{V), and the result 
follows. □ 

Note that Corollary 14. 121 and Lemma [4.61 give us lower and upper bounds 
for the composition length of V. 

Proposition 4.13. Fix ^ ^ e (n+/[n+, n+])*). Suppose V G Oh{Wf{ip)) 
and that z acts by some scalar. Then 

(1) dimWh^,(y) = 1 if and only if every submodule of V is indecompos- 
able, and 

(2) dimWh^,(y) = i{V) (the composition length ofV) if and only if V 
is completely reducible. 

Proof. For (1), assume dimWh^,(y) = 1, and let 5 C y be a submodule. 
If 5 = S*! © S2 for sub modules 5i and 52, then by Theorem 13. 3( Si and S2 
contain Whittaker vectors. Such vectors must necessarily be linearly inde- 
pendent, so it follows from the assumption dimWh^(y) = 1 that S cannot 
have such a decomposition. Conversely, suppose that every submodule of 
V is indecomposable, and let W = U{q)W\i^{V). By Corollary I4.1H W is 
a direct sum of dimWh^(y) simple Whittaker modules, so it must be that 
dimWh^(y) = 1. Statement (2) follows from Corollary 14.111 along with the 
fact that dimcWh^(L) = 1 whenever L is a simple Whittaker module of 
type ip^Q. □ 

4.3. Induced Modules. The previous results in this section suggest that 
finite-dimensional n"'"-submodules may provide a tool for better understand- 
ing the Z-semisimple modules in yV/(^, i). With this in mind, we construct 
a new set of induced modules. 

Fix 7^ V G and ^ G C. Suppose that iV is a finite- 

dimensional (Cz n"'")-module so that z acts by and x — ip{x) acts locally 
nilpotently for all x € n"^. Define the module Vat by 

(4.14) Vn = U{q) ^u{Czm+) ^> 

and note that V/v G Ob(VV(V',0)- Where there is no confusion, regard 
as a subspace of Vn by identifying N with 1 (8) A. Following Lemma |4.6| A 
has a basis vi,V2, ■ ■ ■ ,Vn so that 

(4.15) (x — ip{x))vi =0, {x — '4j{x))vj € span£{i;fc \ k < j} 

for j > 1 and x € n+. Additionally, Vn is a free left U{x\~ © C(io)-niodule, 
since U{q) ^ U{n- © Cdo) '^c U{Cz © n+) and U{Cz © n+)A^ = A. 

The following result implies that every Z-semisimple module in W/(V',C) 
is the homomorphic image of some Vn- 
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Proposition 4.16. Let V G Ob(>V/(V', 0) where z acts by ^, and letNQV 
be a finite- dimensional n'^-module such that V = U{q)N. Then there is a 
unique surjective Q-module homomorphism vr : Vn — > V with the property 
that 7r(l ^w) = w for all w N. 

Proof. Let vi, . . . ,Vn € N he a basis for N as in (j4.15p . and recall that V^v is 
a free U{n~ ©Cdo)-module with basis . . . , Thus every element 

of Vat can be uniquely written in the form bi^dvi, where hi G U{n~ ©Cdo), 
and we define vr h (g) Vi) = biVi. 

It is clear that vr is a surjective C-linear map with the property that 
7r{b<Siv) = bv whenever b G U{n~ 0Cdo) and v (z N. It suffices to show that 
Si bi®Vi) = xn bi®Vi) for all x G Cz © n"*". This follows from the 
fact that U{q) ^ [/(n" © Cdo) ® U{Cz © n+). □ 

Lemma 4.17. Let N be a finite- dimensional xi^ ®Cz-module, where z acts 
onNby(,eC. Then i{VN) = dime N. 

Proof. We identify N with the subspace 1 © C V/v- Let n = dime N, and 
define ui, . . . , as in (|4.15p . For i G {1, . . . , n}, let Vi = U (g)spane{wi, • • • , Vi}, 
and note that Vi is a C/(0)-submodule of Vn- The quotient Vi/Vi^i is gener- 
ated by the -(/^-eigenvector Vi + Vi-i. Since Vi is a free U{n~ © C(io)-module 
with basis vi, . . . ,Vi, the quotient Vi/T^_i is necessarily nonzero. Moreover, 
the quotients are simple (Whittaker) modules since z acts by ^ on and 
thus on V/v- n 

Using the basis {vi, . . . , v„} for in (j4.15p . suppose the action of on 
N is given by the matrix 

/ t/j a(l,2) ••• a(l,ri-l) a(l,n) \ 
ip ■■■ a(2,re-l) a(2,n) 

(4.18) ••. ; : 

V a{n-l,n) 

\ i' J 

where a{i,j) G (ti"*")* for all It is evident that the structure of the module 
Vn depends upon the various a{i,j) G (n"^)*- The following subsections 
demonstrate how this matrix affects certain properties of Vn. 

Before proceeding, we establish some additional notation. Let Vi be the 
submodule of V^v generated by {vi, . . . , Vi}. If 7 G (n"^)*, we define 

i7 G (n"*^)* by {ij){dk) = kjk for all /c G Z. 

4.3.1. Structure of Vn when ip2 7^ 0. We see in Theorem 14.231 that under 
certain conditions on a{i,j) G (n"*")*, the induced module Vat is indecom- 
posable and non-simple. First we present two technical lemmas; the first 
follows from a direct computation. 

Lemma 4.19. For i,k > and w a Whittaker vector, 



[di,d!^]w = tPi (^{do + i)'' - 4) w. 
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Lemma 4.20. Let ijj G (n+/[n+, n+])*) such that ip2 7^ 0, and let ^ G C. 
Let L{iIj, ^) he the simple Whittaker module of Proposition \2.l^ with cyclic 
Whittaker vector w G 0)- ^ ^ -^(V'lO so that (di — 'ipi)v G 

for all i > 0, then v G Cw Cdow. 

Proof. Suppose v G L{ip,£,) such that {di — tpi)v G Cw for i > 0. Using the 
definition of L{ij),^) and the notation of Section [3.11 we can write 

V = a^jd-^d^w, 

where a^j G C with only finitely many a^j ^ 0. Note that 
{di-ipi)v= ^ a^j[di,d^^dl]w. 

Define maxdeg{v) = max{\'j\ \ a^j ^ for some j}. We first argue 
that maxdeg{v) = 0. Suppose not; that is, maxdeg{v) = N > 0. Let 
C = {(A,i) € V X Z>o I |A| = and ax^i ^ 0}, and choose (A,i) G C with i 
maximal. We will show that i = and use this to derive a contradiction. 

Consider 

(4.21) [d2,d^xd})]w = [d2,d^x]doW + d^x[d2,di^]w. 

Note that maxdeg{[d2, d^x]d})W) < N — 1. If i 7^ 0, then (by Lemma l4.19p 
the coefficient of d-.xd^()~^w in [d2,d^xdQ]w is nonzero. We claim that the 
coefficient of d^xd]^^w in {d2 — ^2)"^ = Tli-fev j>o '^il^a, d^.-fd-'^w is nonzero, 
as well. For any 7 G P and j > 0, we have 

(4.22) [d2, d^^d^jw = [d2, d^^jd^w + d-^[d2, d^jw. 

If a^j 7^ then it is clear from our choice of A that maxdeg{[d2,d-^]dQw) < 
N — 1. Our choice of (A,z) guarantees that the term d-xdl^^w does not 
appear as a summand of d-^[d2,dQ]'w for any (7,7) where 7 7^ A or j 7^ 
However, d-xd^^^w Cw since |A| = > 0. This contradicts the choice of 
V, so it must be that i = if in fact > 0. 

Now A 7^ if > 0, so we may write A = (0 < Ai < • • • < A^). Consider 
the action of dxi+2 on v. In the proof of [161 Proposition 3.1], it is shown 
that in this situation 

(c^Ai+2 - i^Xi+2)v 7^ 

since 2 = max{i | ipi 7^ 0}. On the other hand, it is assumed that {di—il:i)v G 
Cw; this implies that [n^,n^]t; = so that dkV = for > 3. But then 

= dx^+2V = {dx^+2 - i^\^+2)v, 

resulting in a contradiction. Thus our original assumption that maxdeg{v) = 
N > must be incorrect. 

When A^ = 0, Lemma 14.191 implies that the coefficient of d^w is zero for 
J > 1, which completes the proof. □ 
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The following theorem, along with Proposition 14.13^ implies that Vn is 
indecomposable in certain cases. This theorem also illustrates an interesting 
difference between the present setting and the classical setting of complex 
semisimple Lie algebras. Theorem 4.3 of [10] asserts that in the classical 
setting, the composition length of a module V belonging to a category anal- 
ogous to yV/(V') is equal to the dimension of Wh^(y). 

Theorem 4.23. Assume ip2 / 0. Let N be as in ( f^. and Vn as in i4.14\ ), 

and assume that a{i, i + ^ dip for 1 < i < n — 1. Then Wh^(Vjv) = Cvi. 

Proof. The proof is by induction on dime A^, with the base case being 

(ih Q. \ 
Q ^ j with ba- 
sis {vi,V2}, and write Vi = U{q)vi. Then by Proposition 12. 2| Vi = L{iIj,^). 

IfwG Wh^(VAr), then w + Vi e Wh^(VAr/Fi) and sow + Vi = CV2 + Vi 
for some c € C by Proposition 3.2 of [16] and the simplicity of Vn/Vi. Write 
CV2 = w + X ior some x & Vi. Then (dj — 'ipi)cv2 = (di — ipi)(w + x), which 
implies 

(4.24) cuiVi = {di — ipi)x for all i > 0. 

By Lemma 14.201 ^ = c'vi + c"dQVi for c', c" G C, so (|4.24p becomes 

coiVi = c"iipiVi for all i > 0. 

If c ^ 0, then a = ^iip S Ci^; this contradicts our assumption on a. 
Therefore it must be that c = 0, and it follows that w £ VinWh^(VAr) = Cvi 
as desired. 

Now assume that n = dime N > 2, and let {vi, . . . , Vn} denote the stan- 
dard basis for A^. Our goal is to show that Wh^(y/v) = Cvi. By induction, 
we may suppose that the result holds for any module of the form Vm where 
dime M < n. Let Vn-i denote the submodule generated by the vectors 
f 1, . . . , Vn-i- By induction, we have Wh^iVn-i) = Cvi. 

Suppose that w € Wh^(VAf) with w Cvi, and let W = U{g)w. Since 

is a simple Whittaker module and w ^ Cvi = Wh^iVn-i), it follows that 
W n Vn-i = {0} and thus Vn = Vn-i © W. Write Vn & N as Vn = v + w' 
with V S Vn~i and w' € W. We know that {di — '>pi)vn = Z^"=i c>L{j,n)iVj € 

^ Ki-i- Thus we have 

n-l 

^^a{j,n)iVj = {di - ilJi){v + w') = {di - '4>i)v + {di - ipi)w' . 
i=i 

Since {di - 'ipi)w' € W and {di - tpi)vn = Yj'^ZI oi{j,n)iVj G Vn-i, the 
directness of Vat = Vn-i W implies that {di — il)i)w' = 0. Consequently, 
we have v € Vn-i with 

n-l 

(4.25) {di - '4ji)v = ^ a(i, n)iVj. 
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Let — : Vn — )■ V]\f/Vn-2 denote the natural homomorphism. If we apply — 
to ()4.25p . we obtain 

n-l 

{di - ipi)v = ^ a(j, n)iv- = a{n - l,n)iV~[. 
i=i 

However, — ^/'j where M' is the 2-dimensional n~'"-module corre- 

sponding to the matrix ^ Q a(n ^l,re) The vector is a Whittaker 

vector in the module Vn /Vn-i-, so the submodule U{q)u^^ is simple. Since 
(by assumption) a{n — ^ Ci'i/', it follows that v ^ U But this 
is a contradiction since u € Vn-i = U (s)fn~i + • • • + {q)vi. It follows that 
there does not exist w G Wh^,(VAr) with Ci^i. □ 

Corollary 4.26. Assume ■(/'2 7^ 0. Let 6e as in jj-lS^ and Vn as in ( [^. 

T/ien V/v is uniserial if and only if a{i, i + 1) ^ Clip for 1 < i < n — 1. 



dime N = 2. We have seen that if N corresponds to the matrix 



Proof. We first suppose that a{i, i + 1) for 1 < i < n — 1. The proof 
that V/v is uniserial is by induction on dime N, with the base case being 

ip a 



then dim Wh^ (V/v) = 1 if and only if a Ci^. Since every submodule 
of V/v must contain a Whittaker vector, there is only one submodule of 
composition length 1. 

Assume that dime N > 2, and keep the notation q(1, 2), . . . , a{n — 1, n) 
from above. Let Vi = U{q)vi. The submodule Vi is simple and by Theorem 
14.231 contains Wh^iVN), every submodule of Vat contains Vi. Consequently 
the nontrivial submodules of V/v correspond to the submodules of the quo- 
tient module Vn/Vi- But Vn/Vi is isomorphic to the module V/v/, where M 
corresponds to the matrix 



(4.27) 



By induction, Vn/Vi is uniserial, and thus the same is true of V/v. 

We now show the converse, with the proof again being by induction on 
dime A^. The base case is given by dime(A^) = 2. We have seen that if 

(IP (X \ 
Q ^ j ' ^^^^ dim Wh^(V/v) = 1 if and only if 

a dip. If V/v is uniserial, it must be that dime Wh^(V/v) < 2, and thus 
a ^ dip. 

Now suppose that dime N > 2, and let Vi = U{q)vi be the unique simple 
(Whittaker) submodule of Vat and V2 = U{Q)vi + U{g)v2- The submodule V2 



/ 


a(2,3) 


a{2, n — 


1) 


a(2, n) 


\ 







a(3, n — 


1) 


a(2, n) 
























V 




a{n — 1, n) 




V 
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is uniserial and corresponds to the matrix 



, so by induction 



V' a(l,2) 
V 

a(l,2) dip. Similarly, the quotient Vn /Vi is uniserial and corresponds 
to the matrix (j4.27p . Thus by induction a(2, 3), q;(3, 4), . . . ,a(n — l,n) 
Ciip. □ 

Corollary 4.28. Assume ^2 / 0. Let N and {a{i,j) | 1 < i < n—l, 2 < j < 
n} be as in jj-^^ o^f^d assume dime N > 2. T/ien dime Wh^(V/v) < |VV| + 1, 
where W = {a{k, k + 1) \ a{k, k + 1) e Ci^}. 

Proof. The proof is by induction on dime A^. The result is clear if dime = 
2. Let {vi, . . . ,Vn} be the basis for corresponding to the a{i,j). Then 
-^1 is a Whittaker vector, so we may extend {vi} to a basis B for Wh^,(yN)- 
Write B = {wi, . . . , Wm}, where wi = vi. 

Note that if a{j,j + 1) dip for all j, then the result follows from 
Theorem 14.231 Thus we assume that some a{j,j + 1) belongs to dip. Let 
k be minimal such that a{k,k + 1) G Ciip, and let = U{q)vi + • • • + 
U{g)vk- By Theorem 14. 23^ dimcWh^(VA;) = 1, and the quotient Vat = 
VN/Vk corresponds to the matrix 



/ i; 


a{k + l,k + 2) 


a{k + 1, n 


-1) 


a{k + 1, n) \ 







a{k + 2, n 


-1) 


a{k + 2, n) 




















^ 




a(n — 1, n) 


V 










iP I 



By induction, 

dimcWh^(y^/yfc) < |W\{a(A;,A; + l)}| + L 

But since dime Wh^(Vfc) = 1, the set {w2, ■ ■ ■ ,w^} C Wh^iVN /Vk) is lin- 
early independent, and thus we have 

m-1 < dimcWh^(V/v/Vfe) < |W \ {a(A;, A; + 1)}| + 1 



|W|-1 + 1 = 



The result now follows since m = dime Wh^(VAf) and m < |yV| + 1. 



□ 



4.3.2. Structure of Vn when ip2 = and ipi 7^ 0. This section presents 
partial descriptions of Vat when tp2 = and ■01 7^ 0. These results suggest 
that the structure of Wf{ip) is significantly different than when ^l'2 7^ 0. We 
begin by defining some notation that will be useful in this setting. If ip : 
^ C is an algebra homomorphism, we define an algebra homomorphism 

by ^ 

^p{dl) = Tpi, ip{d2) = — 30{, and ip{dk) = for A; > 3. 
Note that (dj — ipi)vi = ipiW and {di — ipi)v2 = iipiW for i > 0. Note 
that {ip^iip} is a linearly independent subset of Hom^Zg (n''" , C) since ^2 = 
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-S-fAf / and 2ip2 = 0. Since HoniAigin'^ ,C) is 2-dimensional, it follows 
that {^p,^^p} spans B.ouiAigin'^ ,C). 

Lemma 4.29. Let L be a simple Whittaker module of type ip with 
w € Wh^(L), and assume tjj2 = ^- If v ^ L with (di — 'ipi)v € Cw for all 
i > 0, then 

V S C{dQW — ^pld-lw) © Cd^w © Cw. 

Proof. Let vi = d^w — ipid_iw and V2 = d^w. If {di — tpi)v € Cw for i > 0, 
we may write {di — ipi)v = fiiW, where fi G Hom^Zg (n"*" , C) = span£{V', iV'}- 
Consequently we have /i = mip + niip, for m,n G C, and it follows that the 
vector w' = V — mvi — nv2 is a Whittaker vector. This forces w' = pw for 
some p £ C, and so v = mvi + nv2 + pw, as desired. □ 

Proposition 4.30. Let ip : n'^ C be a nonzero algebra homomorphism 
with 'ip2 = 0. Let N be the 2-dimensional n'^ -module corresponding to the 

matrix ( ^ ^p ) ' ^'^^'^ ^ completely reducible. 



Proof. Let {vi , ^2} be the basis of V/v corresponding to the matrix 



ip a 

V 

Since span:^{i'ip , ip} = Hom^/g(n+, C), we may write a = CQip + ciiip G 
Cip + dip. Let wi = vi and 

W2=V2- Co {dlvi - ipid^ivi) - cidQVi. 

It is straightforward to show that {di — ipi)w2 = for all i > 0, and thus 
dime Wh^( V/v) = 2. The result then follows from Proposition 14.131 and 
Lemma Eini □ 

Corollary 4.31. Let tp : ^ C be a nonzero algebra homomorphism with 
ip2 = 0, and let N be as in ^.IS ). Then dimWh^(V/v) > 1 and Vn is not 
uniserial. 

Proof. Note that the submodule V2 = U {q)vi + U {q)v2 is completely re- 
ducible by Lemma 14.301 □ 
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